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Abstract. The article, based on the performed theoretical research, solves the essential scientific and technical problem of
increasing the accuracy of identification of wave processes in a hydrodynamic system (pipeline) by developing a generalized
method of mathematical designing of the dynamics of a continuous viscous and weakly compressed fluid in the
hydrodynamic system pipeline based on the Navier-Stokes equation. Amplitude-frequency characteristics represent
parameters of wave processes in the hydraulic drive system. A partial solution of Navier—Stokes equations, under zero initial
conditions, is proposed in the form of four-pole equations, the components of which are represented in the form of the
Laplace image of the corresponding relative pressure and flow coordinates and the the hydraulic line parameters determine
the four-pole elements themselves It is also proposed to determine the values of the four-pole elements based on time
constants and relative damping coefficients on the frequency characteristics of hydraulic lines with distribution parameters
based on the condition of equality of the first resonant frequencies and amplitudes (at these frequencies). With the help of the
developed methods, the primary dynamic parameters of the amplitude-frequency characteristics of continuous viscous and
weakly compressed liquid in the pipeline of hydraulic systems for different flow ranges. This made it possible to achieve the
following practical results: the high degree of adequacy of the developed mathematical model indicates an increase in the
reliability of determining the operating characteristics when designing a hydraulic drive. The high accuracy of determining
the first resonant frequencies and amplitudes allows for creating a hydraulic pump with improved operational characteristics.

Keywords: vibration, operating fluid, Navier—Stokes equations, amplitude-frequency response, resonance mode.

1 Introduction

The hydraulic drive was widely used in technological
equipment due to its simplicity, reliability in operation,
low metal consumption, and optimal load parameters on
the operating body [1]. The structural characteristics of
the hydraulic drive and its components are mainly
determined based on the implementation of the kinematic
and power parameters of the executive body in the mode
of its operating and free movements. The experience of
operating machine-building technological equipment [2]
shows that using static and kinematic requirements
during design is insufficient. It was determined that
vibrations occur in the hydraulic system of metal-
operating technological equipment under external
influence, which causes unstable speed of movement of

operating units and, as a result, additional oscillations
occur on the executive body [3]. All this causes a general
decrease in the reliability of technological equipment and
a deterioration in the quality of the work performed. A
sharp change in power and a high frequency of operation
of a hydraulic drive with multiple operating parameters
complicates the design and research of technological
equipment. Analyzing the ambiguity of the dynamic
properties of hydraulic drive elements shows the
fundamental complexity of the mathematical description
of hydrodynamic processes. Thus, the modern hydraulic
drive of technological equipment is classified as a
complex dynamic object, for the effective study of which,
it is advisable to use mathematical and computer
modeling [4].
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The parameters of hydraulic lines significantly impact
the dynamic characteristics of hydraulic equipment.
Frequently, there are vibrations in hydraulic equipment,
which is a consequence of the coincidence of resonance
frequencies of oscillations of hydraulic lines with
hydraulic devices connected to the hydraulic system and
with frequencies of external periodic influences.
Therefore, considering the frequency characteristics of
hydraulic lines when designing hydraulic systems of
technological equipment is a necessary condition for
developing hydraulic systems with a reduced vibration
level [5].

Mathematical modeling of work processes in various
technological devices is widely used. It allows for
investigating the impact of design and mode factors on
the main characteristics of the device to outline specific
ways to improve them while significantly reducing the
volume of experimental research. Despite the complexity
of the calculations and assumptions in the mathematical
description of the work process, which can be defined as
experimental data accumulation, the perspective and
relevance of using mathematical modeling to study
hydrodynamic processes in the hydraulic system are
apparent [6].

2 Literature Review

The physical parameters of the energy carrier
(operating fluid) and its nodes’ structural parameters
significantly influence the hydraulic drive’s speed, energy
saturation, and compactness [7]. This leads to the
development of mathematical models in the form of
systems of differential equations of motion of structural
elements of the hydraulic drive based on an artificial
dynamic model with reduced coefficients for the
oscillating system. The given coefficients describe the
elastic-viscous characteristics of the hydraulic link based
on the mathematical model of Kelvin—Focht [8] with
further linearization of the dynamic properties, namely
the assumption of constancy of the combined modulus of
elasticity, density, and dynamic viscosity of the operating
fluid, and this leads directly to disregarding wave
processes [9] in the hydraulic drive itself. In turn, the
existing  differential  equations  with  distributed
coefficients are supplemented by differential equations of
flow rates [10] in partial integral solutions of non-
discontinuity and Navier—Stokes differential equations for
an ideal operating fluid [11].

The practical implementation of such an approach is
possible only for mathematical models of mostly low
dimensionality. It describes the properties of objects in a
narrow range of changes in such operating parameters as
the amplitude and frequency of oscillation of hydraulic
drive elements. Moreover, this leads to the limitation of
the area of use of the results of mathematical modeling,
which do not take into account the influence of all
transient processes in the hydraulic circuit [12], which
leads to the accumulation of excess, not implemented by
the systems of technological movements [2-4].

In [13], an original method of “particles in cells” was
proposed, which combines the advantages of the
Lagrangian and Euler approaches [14]. The solution area
in this method is divided by a fixed (Eulerian) grid.
However, the continuous medium is interpreted by a
discrete model — a set of “particles” of fixed mass
(Lagrangian grid of particles) that move through the
Eulerian grid of cells is considered. Particles determine
the parameters of the fluid itself (mass, energy, velocity),
while the Euler grid determines the parameters of the
field (pressure, density, temperature). This method makes
it possible to study complex phenomena in the dynamics
of multicomponent environments; particles follow free
surfaces and boundaries of environments. However, this
method’s main drawback is the solid medium’s discrete
representation, which results in numerical instability
(fluctuations). It is also difficult to obtain information for
regions of significant rarefaction, where virtually all
particles leave.

In works [15, 16], a numerical method was developed
concerning (v, ) — the system of equations for the
current function  and the vortex . A general drawback
of these methods is the use of a boundary condition for a
vortex on a solid surface in one form or another, which is
absent in the physical formulation of the problem.

An additional iterative process associated with this
boundary condition limits the speed of convergence of
numerical algorithms. In addition, the apparent limitation
of the solution methods for the (w, ®) system is
associated with the impossibility of their development in
the case of spatial flows of a viscous liquid and
compressed gas flows.

One of the current scientific problems in
hydromechanics is the description of the motion of a
viscous, weakly compressed fluid, which is described by
the continuity and Navier-Stokes equations [4, 10, 11].
These include fluid movement problems during laminar
and turbulent flow around bodies of finite dimensions,
currents in the wake zone and areas of flow disruption,
and mixing and boundary layers at the body surface [17].

The nonlinearity of the Navier-Stokes equations and
the presence of small parameters in their higher
derivatives create difficulties, both in analytical research
and in the numerical integration of these equations using
computer systems. Thus, the problem of developing
methods for solving the system of continuity and Navier-
Stokes equations with high accuracy (especially in the
multidimensional case), which will allow studying wave
processes [18] in hydraulic systems of technological
systems, remains an urgent task.

The presented research aims to improve the accuracy
of identification of wave processes in hydraulic systems
of technological machines by developing and
implementing new, more efficient mathematical
modeling. This will help achieve several qualitative
practical results: increasing the reliability of determining
performance characteristics when designing a hydraulic
drive, the possibility of developing systems with
improved performance characteristics, and reducing the
time required to develop specific technologies.
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To achieve the aim, the following tasks were solved:

— to develop a mathematical model of the dynamics of
continuous viscous and weakly compressed fluid in the
pipeline of hydraulic systems;

—to develop methods for solving the mathematical
model of the dynamics of a continuous viscous and
weakly compressed fluid in hydraulic lines, which will
allow determining the parameters of wave processes in
hydraulic systems;

—to determine the main dynamic parameters of
continuous viscous and weakly compressed fluid in the
pipeline of hydraulic systems for different flow ranges.

3 Research Methodology

A system with distributed parameters can represent a
hydraulic line when modeling wave processes. The basic
equations of unsteady fluid motion are the Navier-Stokes
differential  equations  [10-12]. The following
assumptions can be used when using the Navier-Stokes
equations: for subsonic velocities, convective terms of
nonlinear transport acceleration can be neglected [19].

Since the fluid velocity in the longitudinal direction is
much greater than in the radial direction, the pressure
across the cross-section can be taken constant; the fluid
density p is taken constant and is determined depending
on the average value of the set pressure.

Then, when studying the dynamic processes in the
hydraulic line (Figure 1), Navier—Stokes equations can be
written for small increments in the following form:

_9(p) _ p 0(Aq)

dx St ot + rAq' (1)
9(dp) _ _ ST 0(AQ)
ax E ot '’

where Ap = p2 —p1 — pressure difference imposed on
the set pressure po, Pa; Aq=0g.— g1 — flow difference
imposed on the set flow rate go, m%s; x — linear
coordinate of the hydraulic line, m; St — constant cross-
section area, m?; dr — diameter, m.

[
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Figure 1 — The design scheme of dynamic processes
in a hydraulic line
Equation (1) contains the cost coefficient [20]:

r= Ap _ Adop
Irqo  2drF?’

where 1 — coefficient of resistance to the movement of
the operating fluid from the action of internal friction
forces [21].

The coefficient r characterizes the viscous friction loss
per unit length of the nozzle attributed to the fluid flow
rate.

Equation (1) also contains the modulus of elasticity:

E=E/(1+522)

where Ey, E, — the modulus of elasticity of the fluid
and the material of the pipe walls, respectively, N/m?;
do — thickness, m.

The component rAq is responsible for the fluid
viscosity caused by the velocity gradient in the flow
direction, while the velocity gradient across the cross-
section is neglected.

The system of partial differential equations (1)
determines the dynamic characteristics of the hydraulic

line depending on the parameters Sﬂr and SFT distributed
T

along its length.

For the entire length |+ of the hydraulic line, the
following parameters express the fluid inertia, resistance,
and capacitance of the hydraulic line, respectively:

l Srl
Ly =’;—TT; R=rly; C = y.

The solution of the system of equations (1) at zero
initial conditions can be represented in the form of four-
pole equations [22]:

{P1 = Ar(s)P; + BrQy; @)
Py = Cr(s)P, + DrQy,

where Ar(s), B1(s), Ct(s), and Dr(s) — the elements of
the four-pole, determined by the parameters of the
hydraulic line; Py, P2, Q1, and Q2 — Laplace images of the
corresponding relative coordinates of pressure and flow at
the beginning (x=0) and at the end (x=1Iy) of the
hydraulic line (Figure 1):

P =1 [Apl(t)]; P, =1 [AL(t) ,
P1o P20
L [A®1 ,  [Ag(D)
Ql_L[ d10 ]'QZ_L[ G20 I

The system of equations (2) can be rewritten in the
following matrix form:

AREIr

=G , 3
0, (s) 0, ®)
with the condition A7 (s)D7(s) — Br(s)Cr(s) =1 and
the following matrix:

[Ar(s) Br(s)
6= ool

The structural diagram of the hydraulic line according
to the system of equations (2) is presented in Figure 2.
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Figure 2 — The structural diagram of the hydraulic line
in the form of four-pole equations

For the system of equations with distributional
parameters (1) with the assumptions made, the elements
of the system of equations (2) are as follows:

Ar(s) = P2 lrch(I(s));
Br(s) = 2221 Zc(5)sh(I(s));
Cr(s) = 22 = 1ysh(I(s));

q10 Zc(s)

Dr(s) = lych(I'(s)),

where [7(s) :% /(%+s)s — the propagation

\/g — the speed of

sound in the operating fluid medium, m/s;

Z.(s) = /r + Fﬁs — the characteristic resistance of the
T

hydraulic line.

The frequency response of the hydraulic line is
constructed by replacing the parameter s with jw, where
j — imaginary unit (j2 = -1).

In this case, the propagation constant of the wave
process can be represented as I'(jw) = y; + j9,, where
the following conditions are met:

constant of the wave process; a =

rSr W

&1 9, = _1rs
(l)p ) 1_a'y1

2 \/p_E

A study of the amplitude characteristics of the transfer
matrix G(s) elements shows that the resonant peaks’
amplitudes do not change at successive frequencies. This
result contradicts the experimental data [23] for the
laminar flow of the operating fluid.

A significant discrepancy between theoretical and
experimental results obtained from the system of
equations (1) based on the assumptions made is explained
by the fact that with an increase in the excitation
frequencies, the effective resistance of a small-diameter
hydraulic line, in laminar fluid flow, increases
significantly, since the velocity profiles along the cross-
section also change. This factor was not considered in the
original system of differential equations (1), where losses
during the oscillatory process in hydraulic lines were

considered only through the coefficient r, determined
from the steady-state flow characteristics.

Values of the components of the transfer matrix G(s)
provided that the hydraulic lines have a small diameter
and taking into account the velocity gradient across the
cross-section under the laminar steady-state regime [24]:

snl
Ap(s) =221, cos (ﬂ) ;
P10 a

dz0Pan _; (STl

Br(s) = =222 sin (7)) @
_ D20ST . (STIIT),
CT(S)_qlopansm a/’

Dy (s) = lcos (%),

where n =y, + j9, — a complex frequency function
determined by a complex expression of Thomson

functions depending on the parameter X = dz—T\E; v — the

kinematic viscosity, m?/s.
If we separate the real part y; and the imaginary part %
of the function, it can be got:

. (1 n 1 n

sin(zarctg— cos\zarctg—
y2=(2—£n); 192=_(2—1m)’ (5)

(m2+n2)4 (m24+n2)a

where with an error that does not exceed 1 %, and for

X > 4.0, the value of n = 2 (2=2) and m = Y2 1.
X\ 8X+v2 X

The frequency responses of the elements Ar(jw) and
Dr(jw) from the system of equations (4) show that at

frequencies  w; = # (i=1,3,5,...), the
TIV2lw=w;

amplitude responses have resonant peaks defined by the
expressions:

r2 )
2 w=w; '

) ’
wW=wij

— the ratio of the absolute values of y, and

P20 T
Arlp=w, = —Ssh|i=
I Tlcu—w, P1os (lz

Y2

9,

L
IDT|w=w,~ = sh <lz

where |22

2lw=w;
9, at the corresponding resonant frequencies.
Since the hydraulic lines of metal operating
Y2

technological equipment are ig " &« 1 [25], these

2lw=w;

expressions can be written in the following form:

|AT|w:w-:pﬂiE Y2 ;

topo 219202y, ©)
IDrlw=w; = iz 2 .

S X S

Similarly, the amplitude-frequency characteristics of
the elements Br(jw) and Cr(jw) have resonant peaks at

frequencies w, = k———(k=1,2,3, ...):

7192 oy
|B | _ mpahﬂw:wk ki Y2
Tlw=wr — )
P10 St 2l =0y %
1Cql =P2o_ ST 4.|r
Tlw=wy qd10 Pa|"7|w=wk LY a):wk’
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where [1]4,=,— the modulus of the complex function
n=y,+jo atw = wyg.

From expressions (6) and (7), it follows that the

amplitudes of the resonant peaks of the frequency
characteristics of the elements of the transfer matrix G(s)
decrease at successive resonant frequencies with a slope
of the derivative of 10,0 dB/dec, which is consistent with
experimental data [23, 26].
A sufficiently accurate approximation of the frequency
characteristics of the characteristics can be obtained using
the transfer matrix G(s) with the following matrix
elements [27]:

(AT(S) = kr1(TF15% + 2871 Trys + 1);

Br(s) = krp(Trss + 1)(T,8% + 287, Trps + 1);
Cr(s) = TraS(TF5% + 2§12 Tras + 1);

Dr(s) = T34 s+ 28, Trys + 1.

(8)

The time constants Tr1 and Tr, and the relative
damping coefficients & and &z are determined from the
frequency characteristics of the hydraulic lines with the
distribution parameters described by equations (4), based
on the condition of equality of the first resonant
frequencies and amplitudes (at these frequencies) of the
characteristics of the corresponding elements Ar(jw),
Br(jw), Cr(jw), and Dr(jw) based on equations (4) and
(8). Under these conditions, the following relations will
be obtained [4, 8]:

2l it
T. = . _ T,
1™ pg’ T2 ™ pq’
n 22TV 1 2212V
{r1 = —arctg Y—"—; (p, = -arctg Y—%;
8 dr 4 dr ©)
T =L . T = P2oSTlT |
T3 — ’ T4 — ’
Str q10E
_ P20, _ 920
le - '] kTZ - R-
P1o P1o

In the case when the range of significant frequencies
of the processes studied in the hydraulic system is limited
to w K % the second-order differentiating links in the

T
transfer matrix (8) can be neglected. Therefore, the
following simplified transfer matrix can describe the
dynamic characteristics of the hydraulic lines:
+ L), (10)

S1ly

T, +T, = 20 (1

Depending on the tasks under study, transfer functions
of hydraulic lines of various types are used. The
calculation and study of the dynamic characteristics of
hydraulic systems can be carried out taking into account
two types of influence: external forces on the operating
body of mechanical engineering equipment and periodic
changes in flow rates caused by the pulsation of the
hydraulic pump supply to the hydraulic system.

In the case when the study is carried out under the
influence of an external load, the transfer functions of the
pressure and drain hydraulic lines are required [28, 29].

For a pressure hydraulic line, the input is the change in
flow rate at its outlet Q,, and the output is the change in
pressure P,. Accordingly, the transfer function of the

Py

pressure hydraulic line — Wr(s) = o Therefore, from
2
the system of equations (2) it can be obtained:
P1
Br—5-Dr(s)
— Q1
Wi = _AT+S_1CT(5)‘ (a1

where P1/Q; is the transfer function of the element
located at the inlet to the hydraulic line.

In order to take into account the dynamic
characteristics of the drain hydraulic line in the
calculation of the hydraulic system, a transfer function is
required, the input of which is the change in flow at the
beginning of the drain hydraulic line and the output
coordinate is the change in pressure at this point.
Accordingly, the transfer function of the drain hydraulic

line can be represented as — Wy, (s) = %.
1
From the system of equations (2) it can be obtained:
_ AT(S)GEB(S) 12
27 orogi+or(s)

where P,/Q, — the transfer function of the element
located at the outlet of the drain hydraulic line.

When studying the response of hydraulic systems to
the pulsating supply of a hydraulic pump, it is advisable
to use a transfer function that determines the ratio of the
change in pressure at the outlet of the hydraulic line to the
change in pressure at its inlet:

P__ 1
Py AT(s)+BT(s)g—§'

(13)

where Q/P; is the inverse transfer function of the
element or apparatus at the outlet of the hydraulic line.

4 Results

Figure 3 shows the theoretical and experimental
frequency characteristics [25, 30] of a hydraulic line
made of copper pipes with an internal diameter of
15.0 mm, a wall thickness of 1.5 mm, and a length of
4.65 m at an installed pressure of p1o = 1.47 MPa.

The experimental and theoretical frequency

characteristics % (Figure 4) were constructed based
1

on equations (4) and (8) for the case of a throttle washer
at the hydraulic line outlet using equation (12). The
studies were carried out on a hydraulic line made of
copper pipes with an internal diameter of 14.0 mm, a wall
thickness of 2.0 mm, and a length of 3.2 m [22].

The frequency characteristics of hydraulic lines
P,(jw)/P; (jw), which correspond to equation (13) for
similar conditions (Figure 4), are shown in Figure 5.

The presented results of the theoretical (equations (4)
and (8)) and experimental studies (Figure 5) are also in
good agreement with each other. In particular, the results
measured up to natural frequencies of 180 Hz at a phase
shift of —240° and up to natural frequencies of 100 Hz for
the amplitude of natural oscillations within 7 dB are in
good agreement. The accuracy of the corresponding
mathematical model does not exceed 9 %.
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Figure 3 — Diagrams of hydraulic line frequency characteristics:
1 — change in the amplitude of oscillations of the operating fluid
depending on its natural frequency; 2 — change in the phase of
oscillations of the operating fluid depending on the natural
frequency (solid line — experimental dependence;
dashed line — theoretical dependence)

Figure 4 — Diagrams of hydraulic line frequency characteristics:
a—change in the amplitude of oscillations of the operating fluid
depending on its natural frequency; b — change in the phase of
oscillations of the operating fluid depending on the natural
frequency (solid line — theoretical dependence based on (4);
dashed line — theoretical dependence based on (8);
dot line — experimental dependence)
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Figure 5 — Diagrams of hydraulic line frequency characteristics:
a— change in the amplitude of oscillations of the operating fluid
depending on its natural frequency; b — change in the phase of
oscillations of the operating fluid depending on the natural
frequency (solid line — theoretical dependence based on (4);
dashed line — theoretical dependence based on (8);
dot line — experimental dependence)

5 Discussion

The matching of the characteristics constructed
(Figure 3) at the concentrated parameters with the
experimental ones is satisfactory up to a frequency of
70 Hz, which covers the first resonant peak of 28 dB
amplitude at a phase shift of 160°. The average accuracy
of the developed mathematical model is 9 %.

Since the hydraulic lines of hydraulic drives of
machine-building equipment are characterized by a small
length at limited impact frequencies, in most cases, the
dynamic characteristics can be considered only up to the
first resonant frequency. In these cases, approximating
these characteristics using the transfer matrix (8) gives
accurate results for engineering calculations [8, 12].

The experimental study (Figure 4) of the frequency
characteristics [3,20] was carried out by imposing a
sinusoidal effect on the curve of the set flow rate
J10 = 32 I/min. The set pressure value at the beginning of
the hydraulic line was pio = 1.47 MPa, Reynolds number
Re = 2100, the sound velocity in the operating fluid
¢, = 1200 m/s, and kinematic viscosity v = 2.5:107° m?/s.
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Based on equations (4), the theoretical characteristics
in Figure 4 were constructed. They are in good agreement
with the experimental results. The approximated
characteristics based on equations (8) also agree with the
frequency covering the first resonant peak at 40 Hz with a
phase shift of 20° and 90 Hz for a natural oscillation
amplitude of 19 dB. The accuracy of the corresponding
mathematical model is 9 %.

The discrepancy between the theoretical results
(Figures 3-5) obtained from the mathematical model (1)
under the assumptions made and the experimental data is
explained by the fact that with an increase in the
excitation frequencies, the effective resistance of a small-
diameter hydraulic line under the laminar flow regime
increases significantly since the velocity profiles along
the cross-section of the pipes change.

The losses during the oscillatory process in a hydraulic
line in laminar flow, considering the velocity gradient
across the cross-section, increase since the profile of the
velocity vectors ceases to have a parabolic shape. The
velocity profiles also change under turbulent flow
conditions (Re > 2300). Accordingly, matrix elements (4)
must be adjusted for turbulent flow.

However, in most metal operating equipment,
hydraulic lines with a turbulent flow regime are used only
at very short lengths since losses in long lines increase
intensively in turbulent flow [2, 8].
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