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Abstract. The article examines and assesses the phenomenological strength theory of composite materials. A 

comparative analysis of the theoretical envelopes was conducted for each criterion. A unified form of the 

phenomenological strength criterion was established. The study specifically examined the effects of altering the 

interaction parameter on the Tsai-Wu criterion’s theoretical envelope. Based on the available experimental data, the 

study plotted the failure envelopes of each strength criterion under planar composite stress states. The variation of these 

envelopes across various stress quadrants was highlighted. As a result of the examinations, four typical 

phenomenological strength criteria were chosen. The composites’ off-axis tensile and biaxial loading test data were 

used to evaluate the predictive power objectively. The results showed that not all stress states’ test results agreed with 

the predictions of the phenomenological strength theory. The criterion proposed by Norris and Tsai-Hill performed 

better at accounting for the material’s different compressive and tensile characteristics. The other criteria tended to be 

conservative under particular circumstances. Simultaneously, the Hoffman criterion matched the test data more closely 

over a broader range of stress states. Overall, this study clarified the limitations and applicability of various strength 

criteria in composite material strength prediction. 

Keywords: composite materials, tensile compression test, failure envelope, strength prediction.

1 Introduction 

Composite materials are widely used in aerospace, 

aviation, transportation, electronics, energy, and other 

fields due to their excellent properties, which include a 

high strength-to-weight ratio and high modulus ratio. 

These materials offer high dimensional stability, design 

flexibility, and excellent mechanical properties [1]. This 

makes it possible to adapt structural design to specific 

operating environments and broadens its applications. 

For instance, the primary load-bearing structures of the 

Airbus A380 and Boeing 787, such as their fuselages and 

wing girders, are made of composite materials. This 

improves the aircraft’s mechanical characteristics while 

drastically lowering structural weight and fuel 

consumption. In particular, the Boeing 787 uses 50 % 

more composite materials than the A380, which uses 20 % 

more [2]. 

Single-ply laminated structure failure behavior and 

theory are typically assessed in application analysis of 

composite materials. 

This method compares the ultimate strength or strain of 

the single-ply laminate with each ply’s stress or strain 

state. In composite strength, the primary methodology 

used is phenomenological failure criteria. From the yield 

criteria for isotropic materials, phenomenological failure 

criteria were created. These include a variety of 

polynomial and tensor criteria, which define the damaged 

surface by describing the material strength as a function of 

the material strength using mathematical expressions. 

Given the deficiencies in the existing literature concerning 

the evaluation of the phenomenological strength theory of 

composite materials, an objective assessment of their 

properties had to be provided. 

The phenomenological strength criteria are first 

formally unified in this article. Next, based on test data 

from the literature, the failure envelopes fitted to each 

strength criterion under plane stress states are established. 

Finally, the predictive ability of each strength criterion 

is analyzed objectively using multiple sets of composite 

test data. 

https://doi.org/10.21272/jes.2024.11(1).d7
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2 Literature Review 

The failure criteria for composite materials based on 

phenomenology are developed by focusing on the 

macroscopic stress-strain behavior of the material rather 

than detailed microstructural analysis or specific failure 

mechanisms. The overall state of the composite material is 

represented by a uniform polynomial or other comparable 

mathematical expression in these criteria. 

Failure is thought to occur when the material’s stress or 

strain state approaches or surpasses a critical threshold 

indicated by these expressions. Phenomenological failure 

criteria have the benefit of being straightforward and 

universal. These criteria make it possible to quickly 

evaluate a material’s overall performance through holistic 

mathematical models, which is especially helpful in the 

early phases of engineering design and analysis. 

While they may not consistently predict specific failure 

modes or account for complex interactions within a 

material’s microstructure, their ease of use and quick 

insight into material behavior under different loading 

conditions keep these standards widely favored for 

numerous practical applications [3]. According to the 

phenomenological strength criterion, the failure of a 

composite material is defined as the strain or stress 

component reaching its corresponding strength limit (or 

destructive strain) in any of the principal directions. This 

criterion clearly distinguishes failure modes but ignores 

how the various stress components interact. 

The Norris strength criterion [4] includes a term for 

positive stress interactions to increase the criterion’s 

prediction accuracy. The Tsai-Hill strength criterion [5] is 

an orthotropic anisotropic application of the Von Mises 

yield criterion for isotropic materials. This criterion 

applies to composite materials with equal tensile and 

compressive strength properties and considers the 

interaction of stresses in the three main directions. 

The Hoffman strength criterion [6], based on the Tsai-

Hill criterion, adds a stress primary term and distinguishes 

between longitudinal and transverse tensile and 

compressive strengths. This distinction considers the 

influence of the variation in tensile and compressive 

strengths on material damage. 

Tsai and Wu proposed the Tsai-Wu strength criterion to 

offer a cohesive theoretical framework in the tensor form 

[7]. 

According to this criterion, the stress secondary term 

creates a smooth elliptical failure envelope, while the 

primary term represents the difference between the tensile 

and compressive strength properties. 

Based on this, several strength criteria were later 

revised and created. The Tsai-Wu tensor criterion gains a 

tertiary term from the Wu-Scheublein criterion [8]. Except 

for providing a value for the strength factor 𝐹12, the Cowin 

criterion [9] is comparable to the Tsai-Wu criterion. A 

primary term for positive stress, a secondary term for shear 

stress, and a positive-stress interaction term using the Yeh-

Stratton criterion [10]. 

Arruda [11] has developed new methods using the Tsai-

Wu model that allow the implementation of the classical 

intrinsic law of damage evolution based on the 

regularisation of the fracture energy and implemented it in 

the commercial finite element software ABAQUS using 

the user-defined material (UMAT) subroutine. 

The fractional quadrant (stress plane) describes the 

failure envelope space, the quadratic term of the positive 

stress, and the positive stress interaction term. In a recent 

research, Li [12] re-examined the quadratic function of the 

failure criterion for composites. Analyzing the nature of 

the quadratic failure function in the context of analytical 

geometry enhances the consistency of the failure criterion 

based on it. However, these criteria are frequently not 

widely adopted because of their intricate form and 

requirement for many fitting parameters. 

Apart from the fundamental, ultimate strength criterion 

(maximum stress/strain criterion), composite materials’ 

most commonly applied phenomenology-based failure 

criteria are the Tsai-Wu, Hoffman, Tsai-Hill, and Norris 

criteria. Each of these failure theories has distinct features 

and limitations. These four phenomenological strength 

criteria were chosen for the analysis. 

3 Research Methodology 

3.1 Phenomenological strength criterion 

Given the polynomial nature of the expressions of the 

phenomenological strength criteria, the expressions of the 

phenomenological strength criteria are written in a 

uniform form similar to the Tsai-Wu criterion, and the 

interaction parameter of the polynomial forms of the four 

phenomenological strength criteria involved in the 

evaluation and analysis can be listed in Table 1. 

Table 1 – Phenomenological strength criteria 

Strength criteria 𝐹1 𝐹2 𝐹11 𝐹22 𝐹66 𝐹12 

Norris [4] 0 0 
1

𝑋2 
1

𝑌2 
1

𝑆12
2  −

1

𝑋𝑌
 

Tsai-Hill [5] 0 0 
1

𝑋2 
1

𝑌2 
1

𝑆12
2  −

1

𝑋2 

Hoffman[6] 
1

𝑋𝑡
−

1

𝑋𝑐
 

1

𝑌𝑡
−

1

𝑌𝑐
 

1

𝑋𝑡𝑋𝑐
 

1

𝑌𝑡𝑌𝑐
 

1

𝑆12
2  −

1

𝑋𝑡𝑋𝑐
 

Tsai-Wu [7] 
1

𝑋𝑡
−

1

𝑋𝑐
 

1

𝑌𝑡
−

1

𝑌𝑐
 

1

𝑋𝑡𝑋𝑐
 

1

𝑌𝑡𝑌𝑐
 

1

𝑆12
2  𝐹12

∗  √𝐹11𝐹22 
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3.2 Theoretical failure envelope 

The first two strength criteria have no stress primary 

terms in their polynomial equations, whereas the last two 

strength criteria incorporate the effect of primary terms 

and account for the difference in the materials’ tensile and 

compressive strengths. The main difference between the 

criteria without primary terms and those with primary 

terms is the value of the interaction parameter 𝐹12. 

The physical properties and differences of various 

phenomenological strength criteria are investigated by 

developing theoretical damage envelopes for a variety of 

stress state combinations and extending them to three-

dimensional stress states. The theoretical modeling allows 

for an objective exploration of the physical properties 

revealed by each criterion through careful comparison and 

analysis of the strength damage criteria. This method not 

only improves understanding of the applicability and 

limitations of each criterion, but it also lays the theoretical 

groundwork for predicting and optimizing material 

strength. 

In a plane stress condition, failure envelopes for 

different strength criteria under different stress states  

(𝜎1 -𝜎2 , 𝜎1 -𝜏12 , and 𝜎2 -𝜏12 ) were found using data on 

AS4/PEEK laminate material properties from source [13]. 

The stress ratios in each principal direction are plotted 

against the corresponding tensile (𝑋𝑡, 𝑌𝑡) or shear strength 

( 𝑆12 ) to represent these envelopes as dimensionless 

stresses. The Tsai-Wu criterion [14–18] adopts the value 

of 𝐹12  [1919] in accordance with Tsai and Hahn’s 

recommendation, which is 𝐹12 = −√𝐹11𝐹22/2. 

The basic mechanical properties of AS4/PEEK 

monolayers are shown in Table 2.

Table 2 – engineering elastic constants and strength values of AS4/PEEK material 

Elastic constants 
E1, GPa E2, GPa G12, GPa v12 v21 

140.35 9.44 5.403 0.253 0.023 

Strength values 
Xt, MPa Xc, MPa Yt, MPa Yc, MPa S12, MPa 

2128.0 954.6 93.0 205.9 133.0 

Based on fitting different phenomenological strength 

criteria on the 𝜎1 - 𝜎2  stress plane (with 𝜏1  = 0), the 

theoretical failure envelope for AS4/PEEK material is 

shown in Figure 1. 

 

Figure 1 – Failure envelope for each strength criterion  

for the 𝜎1-𝜎2 stress state (𝜏12 = 0) 

The material’s true tensile and compressive strengths 

are integrated into the corresponding stress quadrants of 

strength models that ignore the material’s unique tensile 

and compressive properties (i.e., lack key terms in their 

equations), improving the assessment of characteristics 

and predictive precision. The analysis reveals: 

1) the envelope of the polynomial strength criterion 

crosses the coordinate axes four times under uniaxial 

loading, revealing the material’s basic compressive and 

tensile strengths in both longitudinal and transverse 

directions; 

2) the differences in compressive and tensile strengths 

are taken into account by the Norris and Tsai-Hill criteria, 

which produce unique curve equations for various stress 

quadrants and non-standard elliptical envelope shapes; 

3) the interaction parameter 𝐹12 largely influences the 

elliptical failure envelopes of Hoffman’s and Tsai-Wu’s 

criteria, which have major axes that span the first and third 

quadrants. 

A consistent pattern emerges from the analysis of how 

different shear stresses 𝜏12  affect the material’s strength 

criterion: The failure envelope progressively contracts 

towards the coordinate center for each phenomenological 

strength criterion as 𝜏12 increases. 

Figure 2 illustrates this observation by plotting the 

failure envelopes for various  𝜏12  values (0, 0.25 𝑆12 , 

0.50 𝑆12, and 0.75 𝑆12) for each criterion. 

According to this pattern, higher shear stresses appear 

to hasten the material’s failure process, reducing its 

strength and raising the risk of failure. 
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a b 

  
c d 

Figure 2 – Failure envelope for each strength criterion in the 𝜎1-𝜎2 stress plane for different 𝜏12:  

a – Norris criterion; b – Tsai-Hill criterion; c – Hoffman criterion; d – Tsai-Wu criterion 

Figure 3 illustrates the failure envelopes corresponding 

to each strength criterion in the 𝜎1-𝜏12 stress state (𝜎2 = 0). 

 

Figure 3 – Failure envelope for each strength criterion  

for the 𝜎1-𝜏12 stress state (𝜎2 = 0) 

This figure leads to several conclusions: 

1) on the coordinate axis, the failure envelopes for every 

criterion cross at the exact location; 

2) because 𝜎2  is zero, the positive stress interaction 

term on the 𝜎1-𝜏12 stress plane is null (𝐹12 𝜎1 𝜎2 = 0). The 

strength criteria equations with and without the primary 

term exhibit different features: the equations are identical 

in the absence of the primary term (Norris, Tsai-Hill) and 

produce perfectly overlapping failure envelopes; the 

equations are identical in the presence of the primary term 

(Hoffman, Tsai-Wu) and produce overlapping failure 

envelopes; 

3) the failure envelope for criteria with a primary term 

forms an elliptical curve, whereas it does not form an 

elliptical curve without the primary term. This discrepancy 

results from using different equations to represent failure 

envelopes in various stress quadrants, which reflects the 

variations in the compressive and tensile properties of the 

materials. However, these envelopes resemble parts of an 

elliptic curve to some extent; 

4) the failure envelope of the strength criterion with the 

primary term extends beyond the [–𝑆12, 𝑆12] shear stress 
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range due to the presence of the σ1 primary term in the 

criterion equation. On the other hand, this range is still 

covered by the envelope without the primary term. 

The principal directional stresses 𝜎2 (0, 0.25 𝑌𝑡, 0.50 𝑌𝑡, 

and 0.75 𝑌𝑡 ) that vary with time were examined to 

determine the failure envelopes of each strength criterion 

on the 𝜎1-𝜏12 stress plane. 

Figure 4 shows the gradient failure envelopes for each 

criterion. 

  
a b 

  
c d 

Figure 4 – Failure envelope for each strength criterion in the 𝜎1-𝜏12 stress plane for different 𝜎2:  

a – Norris criterion; b – Tsai-Hill criterion; c – Hoffman criterion; d – Tsai-Wu criterion 

The figure analysis indicates that the failure envelopes, 

which are defined by the strength criteria, exhibit different 

levels of convergence towards the coordinate center as 𝜎2 

increases. This suggests that 𝜎2 increases the likelihood of 

material failure; the failure envelopes of the criterion 

without a primary term are grouped on the  𝜎1  < 0 side, 

whereas the Tsai-Wu criterion, which includes a primary 

term, is grouped on the 𝜎1 > 0 side; both the Tsai-Wu and 

the Norris criteria, with strength parameter 𝑌𝑡, surpass the 

material’s basic strength range at 𝜎1  > 0 in the 𝐹12  term 

before reverting to it, suggesting their possible application 

in ultimate strength design under particular circumstances. 

The analysis reveals that: 

1) all strength criteria’s failure envelopes intersect at the 

same point on the coordinate axes; 

2) given that the positive stress interaction term is zero 

(𝐹12𝜎1𝜎2 = 0), the failure envelopes for criteria lacking 

the primary term align, including the primary term; 

3) the failure envelope for the criterion with the primary 

term forms an elliptic curve. In contrast, the criterion 

without the primary term deviates from an elliptic curve 

due to differing equations describing failure envelopes 

across stress quadrants, reflecting the materials’ distinct 

tensile and compressive properties. However, each 

quadrant’s failure envelope represents a segment of the 

elliptic curve; 

4) influenced by the 𝜎2  primary term in the criterion 

equation, the failure envelope for the criterion with the 

primary term extends beyond the [–𝑆12, 𝑆12] shear stress 

range, unlike the envelope for the criterion without the 

primary term. 
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Figure 5 presents the failure envelopes for various 

strength criteria under the 𝜎2-𝜏12 stress state (𝜎1 = 0). 

 

Figure 5 –Failure envelope for each strength criterion  

for the 𝜎2-𝜏12 stress state (𝜎1 = 0) 

The failure envelopes of various strength criteria, 

influenced by differing principal directional stresses 𝜎1 (0, 

0.25 𝑋𝑡, 0.50 𝑋𝑡, and 0.75 𝑋𝑡), were analyzed on the 𝜎2-

𝜏12 stress plane. The gradient failure envelopes for each 

criterion are depicted in Figure 6. 

Analysis of the figure reveals that the failure envelopes 

defined by the Norris, Tsai-Hill, and Hoffman criteria 

exhibit varying extents of convergence towards the 

coordinate center with increasing 𝜎1  values. The Norris 

and Tsai-Wu criteria demonstrate an offset pattern in this 

convergence; the failure envelopes for the Norris and Tsai-

Wu criteria exhibit a distinctive shifted convergence as 𝜎1 

varies, the strength criterion without a primary term shows 

clustering on the 𝜎2 > 0 side, while the Tsai-Wu criterion 

(with a primary term) exhibits a similar trend. 

  
a b 

  
c d 

Figure 6 – Failure envelope for each strength criterion in the 𝜎2-𝜏12 stress plane for different 𝜎1:  

a – Norris criterion; b – Tsai-Hill criterion; c – Hoffman criterion; d – Tsai-Wu criterion 
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3.3 Effect of the interaction parameter 𝑭𝟏𝟐 on the 

failure envelope 

As explained above, the interaction parameter 𝐹12 , 

(Table 1) is essential for figuring out how much the failure 

envelope affects and how accurate the predictions are 

within the strength criterion. This calls for a thorough 

examination of 𝐹12. 

A popular model for studying the impact of 𝐹12 

modifications on the failure envelope are the Tsai-Wu 

criterion, which can be transformed into a variety of 

polynomial criteria by changing the stress coefficient 𝐹12. 

The interaction parameter 𝐹12  although widely used in 

composite material studies, the Tsai-Wu criterion 

continues to be a focus of research, highlighting the 

continuous efforts to improve the criterion’s accuracy and 

efficacy. 

 

Figure 7 – Effect of different values of 𝐹12 on the Tsai-Wu 

criterion failure envelope in the 𝜎1-𝜎2 stress plane (𝜏12 = 0) 

According to Table 1, the dimensionless stress action 

factor 𝐹12  was evaluated below unity ( 𝐹12  < 1). Seven 

distinct values of 𝐹12 (–0.8, –0.6, –0.4, –0.2, 0, 0.2, 0.4 0.6, 

and 0.8) were incorporated into the Tsai-Wu criterion to 

generate corresponding failure envelopes, as depicted in 

Figure 7, utilizing the AS4/PEEK single-layer from 

Table 2 (and its strength parameters). 

The generated elliptical envelopes always intersect at 

the same point on the coordinate axes. The ellipses are 

oriented along the first and third quadrants for values of 

𝐹12 less than zero. As 𝐹12 decreases, these ellipses become 

flatter and longer, as indicated by an increasing major axis 

and a decreasing minor axis. In contrast, the ellipses tilt 

toward the second and fourth quadrants for 𝐹12  greater 

than zero. As 𝐹12 increases, the ellipses get narrower and 

extend into the fourth quadrant. Interestingly, the elliptical 

envelopes gradually surpass the uniaxial fundamental 

strength values of the material in its principal direction as 

the absolute value of 𝐹12 increases. 

This pattern indicates that the criterion is making 

increasingly dangerous predictions, except when biaxial 

reinforcement increases the material’s intrinsic strength. 

Therefore, the predictive accuracy of the criterion is 

highly dependent on the value of 𝐹12. Depending on the 

material properties, 𝐹12  variations across various stress 

quadrants must be considered to predict material failure 

behavior accurately. 

3.4 Tensile compression test and analysis 

The applicability and feasibility of various strength 

theories require experimental validation. This section 

presents a comparative analysis of the predictive 

capabilities of each strength criterion for internal 

multiaxial stress states (as demonstrated in off-axis tensile 

tests) and external multiaxial stress states (as seen in 

biaxial loading tests), incorporating experimental data 

from pertinent literature. 

When the off-axis tensile stress is 𝜎𝑥, the magnitude of 

the stress in each principal direction is: 

2 2

1 2 12cos , sin , sin cosx x x         = = = . (1) 

Where 𝜃 is the off-axis angle, i.e., the angle between the 

main direction of the fibers of the specimen and the 

direction of tensile loading. 

Each strength criterion can be expressed in terms of the 

off-axis tensile stress  𝜎𝑥 and the off-axis angle 𝜃 as: 

1) the Norris Strength Criteria: 

4 4
2 2 2

2 2 2

12

1 cos sin
cos sin 1[ ( )]x

S X Y

 
   + + = ;     (2) 

2) the Tsai-Hill strength criterion: 

4 4
2 2 2

2 2 2

12

1 cos sin
cos sin 1[ ( )]x

S X Y

 
   + + = ;     (3) 

3) the Hoffman strength criterion: 

4 4
2 2 2

2

12

2 2

1 1 cos sin
cos sin

cos sin 1

x

t c t c t c

c t c t

x

t c t c

X X X X Y YS

X X Y Y

X X Y Y

 
  

  

    
− + +    

     

 − −
+ + = 

 

 (4) 

4) the Tsai-Wu strength criterion: 

4 4
2 2 2

122

12

2 2

1 cos sin
2 cos sin

cos sin 1

x

t c t c

c t c t

x

t c t c

F
X X Y YS

X X Y Y

X X Y Y

 
  

  

   
+ + +   

     

 − −
+ + = 

 

   (5) 

As presented in Table 3, the fundamental material 

property data facilitated the construction of curves 

depicting theoretical predictions for the off-axis tensile 

strength according to each strength criterion, varying with 

the off-axis angle 𝜃. These theoretical outcomes were then 

juxtaposed with the empirical results from the off-axis 

tensile tests conducted on the material. 
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Table 3 – The fundamental material property data 

Material 
Parameter, MPa 

Xt Xc Yt Yc S12 

AS4/PEEk [13] 2128 93 955 206 93 

T800/2500EP [20] 1934 910 49 120 78 

Boron/AVCO5505 [21] 1296 2489 62 310 78 

4 Results 

As shown in Figure 8, the theoretical prediction curves 

of the off-axis tensile strength of AS4/PEEK laminates 

using AS4/PEEK laminates are compared with the 

experimental data. 

 
a 

 

b 

Figure 8 – Comparison of theoretical prediction curves with 

experimental data: a – approximating curves; b – errors 

From Figure 8a, it can be seen that each strength 

criterion can effectively predict the tensile strength at 

different off-axis angles 𝜃. The more significant relative 

errors in the prediction results of the four criteria all 

appeared at an off-axis angle of 15° and decreased with the 

increase of the angle. 

From Figure 8b, it can be seen that the prediction errors 

of the Hoffman criterion and the Tsai-Wu criterion were 

higher than those of the Norris criterion and the Tsai-Hill 

criterion, with the Tsai-Wu code having the most 

significant prediction error at 𝜃 = 15°, which was 23 %. 

For larger off-axis angles (45°, 60°, and 75°), the 

prediction errors for each criterion were within 20 %. 

Figure 9 compares the theoretical prediction of off-axis 

tensile strength for T800/2500EP laminates and the 

corresponding experimental data. 

 
a 

 

b 

Figure 9 –Comparison of theoretical prediction curves with 

experimental data: a – approximating curves; b – errors 

The data illustrated in Figure 9a indicate that at an off-

axis angle of 5°, the experimental values surpass the 

strengths predicted by theoretical models. 

Further analysis, as shown in Figure 9b, reveals that for 

T800/2500EP laminates, the prediction errors associated 

with the Norris and Tsai-Hill criteria are greater than those 

of the Hoffman and Tsai-Wu criteria, with the most 

significant discrepancy observed at an off-axis angle of 5°. 

Pipes and Cole conducted off-axis tensile tests using 

composite (Boron/AVCO5505) unidirectional plates at six 

different angles 𝜃 (0°, 15°, 30°, 45°, 60°, and 90°). 

Figure 10 compares the predicted curves for each 

criterion and the actual test results. In assessing the tensile 

strength of the boron/epoxy composites at various off-axis 

angles, the Norris and Tsai-Hill criteria exhibited more 

significant prediction errors compared to the Hoffman and 

Tsai-Wu criteria. 
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a 

 

b 

Figure 10 – Comparison of theoretical prediction curves with 

experimental data: a – approximating curves; b – errors 

Notably, the Norris and Tsai-Hill criteria showed the 

most significant errors at off-axis angles of 15° (24 %) and 

60° (17 %). In contrast, the Hoffman and Tsai-Wu criteria 

demonstrated their most considerable discrepancies at an 

off-axis angle of 60°, each with an error rate of 11 %. 

In-plane biaxial loading tests constitute a crucial 

methodology for assessing material responses under 

multiaxial stress conditions. These tests emulate stress 

states encountered in practical applications, thereby 

playing a pivotal role in comprehending and forecasting 

material behavior. Data collected under varied stress 

scenarios are instrumental in corroborating the predictive 

efficacy of the phenomenological strength criterion. Such 

analyses are vital for elucidating the microscopic 

mechanisms underpinning material failure, thereby 

informing material design and engineering strategies to 

enhance product reliability and safety. 

The IM7/8551 test data [22] were used to establish the 

𝜎1-𝜎2 in-plane failure envelope for each strength criterion 

and analyzed in comparison with the test results for the 𝜎1-

𝜎2 biaxial stress state. 

As shown in Figure 11, the Norris and Tsai-Hill criteria 

are applied considering the different material tensile and 

compressive properties, and the corresponding tensile and 

compressive strengths are used for the tensile and 

compressive stress states, respectively. 

 

Figure 11 – Comparison of failure envelopes for each strength 

criterion at 𝜎1-𝜎2 stress states with experimental data 

As can be seen from this figure, in the second quadrant, 

the prediction results are in better agreement with the test 

data. In the third quadrant, the prediction curves of 

Hoffman’s criterion agree with the test results, and the 

deviation of the Norris criterion prediction is the largest. 

The test data from T300/BSL914C [23, 24] facilitated 

the development of 𝜎1-𝜏12 in-plane failure envelopes for 

various strength criteria, which were then compared with 

the test outcomes under the 𝜎1-𝜏12 biaxial stress state, as 

depicted in Figure 12. 

 

Figure 12 – Comparison of failure envelopes for each strength 

criterion at 𝜎1-𝜏12 stress states with experimental data 

Analysis of the figure reveals that the Norris and Tsai-

Hill criteria, as well as the Hoffman and Tsai-Wu criteria, 

exhibit identical expressions and overlapping failure 

envelopes within the 𝜎1-𝜏12 stress state (𝜎2 = 0 ). 

Excluding outlier data, the experimental findings 

generally align well with the predictions. Specifically, the 

Norris and Tsai-Hill criteria correlate more closely with 
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the experimental data in the second quadrant of the 𝜎1-𝜏12 

stress plane. In contrast, the Hoffman and Tsai-Wu criteria 

show better alignment in the first quadrant. 

The AS4/55A test data [25, 26] were utilized to 

develop the 𝜎2-𝜏12 in-plane failure envelopes for various 

strength criteria and these were subsequently compared 

with experimental results under the 𝜎2 -𝜏12  biaxial stress 

state. At 𝜎1 = 0, the expressions for the Norris criterion, 

Tsai-Hill criterion, Hoffman criterion, and Tsai-Wu 

criterion under the 𝜎2 - 𝜏12  stress states are identical, 

resulting in overlapping failure envelopes. 

As illustrated in Figure 13, after excluding anomalous 

data, it is evident that the failure envelopes for the Norris 

criterion and Tsai-Hill criterion correspond more closely 

with experimental findings in the first quadrant of the 𝜎2-

𝜏12 stress plane. 

 

Figure 13 – Comparison of failure envelopes for each strength 

criterion at 𝜎2-𝜏12 stress states with experimental data 

Similarly, the Hoffman and Tsai-Wu criteria show 

better congruence with experimental data in both the first 

and second quadrants. 

5 Discussion 

This article presents a comprehensive comparative 

analysis of the strength criteria of four prevalent composite 

materials, which differs from previous studies in that it 

relies not only on experimental and theoretical 

investigations of single materials but also on comparative 

analyses of the strength criteria of composite materials, By 

comparing the off-axis and biaxial test data with the 

normalized strength criteria, the best use case for each 

strength criterion is found, and its predictive ability is 

evaluated. 

When discussing the accuracy of strength predictions 

for composites, comparing these findings with other 

research results is critical to understanding the reliability 

and applicability of these guidelines. 

In Figures 8–10, the observed differences at specific 

off-axis angles coincide with the challenges highlighted in 

the literature regarding the predictive power of 

conventional strength codes when applied to complex 

composites [27, 28]. 

Also, for example, a similar study [29] reported varying 

degrees of variability in prediction accuracy between the 

Norris, Tsai-Hill, Hoffman, and Tsai-Wu codes, which is 

often attributed to the inherent anisotropy of the material 

and the complex damage mechanisms of composites in an 

off-axis stress state. 

Furthermore, the significant differences observed in 

multiaxial in-plane stretching, as shown in Figures 11–13, 

are consistent with the results of studies highlighting the 

sensitivity of predicted strength to specific material 

properties and stress states under consideration [30, 31], 

further highlighting the subtle nature of composite failure, 

which is influenced by factors such as load direction, 

matrix properties, and fiber-matrix interactions [32, 33]. 

This discussion not only reinforces the view that 

existing strength guidelines provide valuable tools for 

predicting the behavior of composites but also highlights 

the need to carefully assess the applicability of these 

guidelines in the context of specific material systems and 

loading conditions, with close attention to empirical 

validation through experimental data. 

Despite their ongoing optimization and reasonable 

predictive accuracy, the existing phenomenological 

strength criterion and multiaxial damage model are 

confined to specific materials and test conditions. 

However, their applicability and feasibility across varying 

complex stress scenarios (such as different 2D stress 

quadrants and 3D stress spaces) require further validation 

through extensive experimental data to ensure broad 

applicability and effectiveness. Concurrently, developing 

more accurate theoretical prediction models remains a 

valuable endeavor. 

6 Conclusions 

In this study, we analyzed and evaluated the 

phenomenological strength theory of composites. Initially, 

we established a unified form of the phenomenological 

strength criterion, comparing and analyzing the theoretical 

envelopes of each criterion. We specifically discussed the 

impact of varying interaction stress coefficients, 𝐹12, on 

the Tsai-Wu criterion’s theoretical envelopes. Utilizing 

experimental data from existing literature, we plotted the 

failure envelopes of each strength criterion under a plane 

combined stress state, elucidating the variations in these 

envelopes across different stress quadrants. Four 

representative phenomenological strength criteria were 

selected for in-depth analysis. Their predictive capabilities 

were assessed using composite off-axis tensile and biaxial 

loading test data. 

The main findings are as follows. First, the predictions 

of phenomenological strength theories did not completely 

and accurately align with all stress state test results. 

Theoretical predictions varied under different stress states, 

necessitating the selection of suitable strength criteria and 

parameters based on specific materials and test results. 

Second, under tension, the prediction errors of the 

Hoffman and Tsai-Wu criteria are higher than those of the 
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Norris and Tsai-Hill criteria. The Tsai-Wu criterion has the 

most significant prediction error of 23 % when the off-axis 

angle θ = 15°. For larger off-axis angles (45°, 60°, and 

75°), the prediction error for each criterion was within 

20 %. 

In the presence of shear, the Norris and Tsai-Hill criteria 

prediction errors were more significant than those for the 

Hoffman and Tsai-Wu criteria, with the most significant 

differences, especially at smaller off-axis angles. The 

Norris and Tsai-Hill criteria had the most significant errors 

at an off-axis angle of 15° (24 %) and 60° (17 %), 

respectively. In contrast, the Hoffman and Tsai-Wu 

criteria had the most significant error of 11 % at an off-

axis angle of 60°. 

Finally, in the in-plane biaxial combined stress state, the 

failure envelopes of each criterion in the IM7/8551 

material’s σ1 - σ2 stress plane’s third quadrant were 

conservative. The Hoffman criterion’s predictions closely 

matched test results, while the Norris criterion showed the 

most significant deviation. Failure envelopes were 

conservative for T300/BSL914C composites in the σ1 - τ12 

stress plane. The Norris and Tsai-Hill criteria aligned well 

with second-quadrant experimental results, and Hoffman 

and Tsai-Wu criteria matched first-quadrant results. 

In the σ2 - τ12 stress plane of AS4/55A composites, 

Hoffman and Tsai-Wu criteria’s failure envelopes aligned 

well with first quadrant experimental results, being close 

to Norris and Tsai-Hill’s envelopes, which were 

conservative in the second quadrant. 
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